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Abstract

Graph theory is the branch of mathematics that deals with points and lines connecting them.
Group Theory is the branch of mathematics that studies the set and its properties with a particular binary
operation defined on it. The researchers have experimented and used their imagination to explore these
two branches of Mathematics. It has also helped researchers to do some creative thinking of their own.
Graphs can be used to the model situation that occurs within certain kinds of problems. Using the group
of automorphism and orbit-stabilizer Theorem, a link is established between Graph theory and Group
theory. This paper aims to study the group structure of the automorphism group of a bipartite graph K.
and Diamond graph. Further, the orbit-stabilizer theorem is used to study the structural properties of an
automorphism group of K.. and Diamond graphs.
Keywords: Graph Theory, Group Theory, Automorphism, Bipartite graph K.., Symmetric group Sy,
Klein’s 4-group V., orbit of a point, stabilizer of a point.

Introduction

Let G (V, E) be a graph where V is the set of all vertices and E is the set of all edges. Define
identity map f: G (V, E) = G (V, E) as f(v) = v for v € V. The function a: V(G)->V(G) is called
automorphism if @ maps a vertex of the same degree to a vertex of same degree [1,27.

Arthur Cayley states that every group is isomorphic to a group of permutations [1,67. The
automorphism group of a graph is a group of permutations. The group of all permutations on a
set of cardinality n is called the symmetric group S, and its order is n! The automorphism group
of a graph G of order n is a subgroup of S, [1,67].

This paper aims to explore the relationship between Graphs and Groups. The concept of the
automorphism group of a graph is the main peripheral [67]. The binary operation is a
composition of a permutation group, which aid in computing automorphism groups of graphs.
The content of this paper is a broad discussion about graphs K, s, the Diamond graph whose
Automorphism group is a subgroup of S, and Klein 4-group V. respectively [17]. The orbit-
stabilizer theorem is applied to study the structural properties of the automorphism group of
K, s and diamond graph.

Basic Notations and terminology of Graph Theory

Some of the basic graph theory notations and terminologies, for example, a graph G
(V, E), Automorphism group of a graph Aut(G), Degree of a vertex, Orbit of a graph, stabilizer
of an element are taken from the book [1,67.

Some of the basic group theory notations and terminologies, for example, identity
map, permutation, the composition of permutations, isomorphism, automorphism, the
automorphism group of G, inverse of the element, Group table, Klein 4-group Vs, order of
Group, symmetric group S, of order n, orbit-stabilizer Theorem are taken from the book
£1,4,5,7].

1. Types of Graphs

There are many types of graphs like paths, cycles, complete graphs, regular graph
wheel, etc. the graphs which are presented in the paper are bipartite and diamond graphs. In
this paper, the focus is on K, s the Bipartite graph (star graph), and the diamond graph.
Bipartite graph G

A graph G is said to be bipartite if vertex set V(G) can be partitioned into two non-
empty subsets U and W so that every edge of G has one vertex in U and other in W. [67]
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K. is a Bipartite graph (star graph), as every edge of Ki. joins a vertex of U = {x} and a vertex of W = {u, v, w}. [1,2]

Diamond graph

The diamond graph is a planar undirected graph with 4-vertices and 5-edges. It consists of a complete graph minus one edge.
[1,7]

2. Some group related definitions and theorem for graph.

1. The orbit of a graph: For a vertex v of a graph G, the set of all vertices into which v can be mapped by some automorphism of
G is called an orbit of G [1,27].

2. The automorphism group of a graph G: An automorphism of a graph G is an isomorphism of G with itself. The set of all
automorphisms of G forms a permutation group, Aut(G), acting on the vertex set V(G). This Aut(G) is called the automorphism
group of G.

The automorphism group of G.

3. The orbit of a point: Let G be a group of permutations of a set S. For each s in S,

orbit;(s) = {o(s): 0 € G} is subset of S called the orbit of s under G. [5,7]

4. Stabilizer of a point: Let G be a group of permutations of a set S. for each I in S, let stabg(i)={c € G:0(i) = i} .[5,7]

5. Orbit-Stabilizer Theorem: Let G be a finite group of permutation of a set S. Then for any i € S, |G| = |stabg (i)I. |orbit; (i) .
[5.7]

3. Bipartite graph K., [1,3]:

Consider the graph H = K... The vertices of H are labelled as shown below.

H: labelled diagram of K, 5

Consider automorphisms a;: V(G)— V(G), 1< i < 6 by

ay= (x)(u)(v)(w) = e = identity, az = (u, v, w), a3 = (u, w,v), @4 = (v, W), a5 = (u, w),

ag = (u, v), where every automorphism of a graph is a permutation on V(G), automorphism can be expressed more simply, in
terms of permutations cycles.

o a; | ay | az ay, as | ag
aq a | & as Ay as 433
a a; | a3 aq e Ay as
asz as aL az as 433 2
oy a4 | As 483 ay az as
s as | Qe 2 as ay a;
Xe A | Qg as az as ay

Table 1. Automorphism of K..
From Tablel,
Q10 = aq, X100y = Ap, A1003 = A3, X104 = Ay, X105 = As, X100 = Ag
implies a;is identity element of Aut(H).
a,0a3 = a1 = a30a;, implies a; is a inverse of a3 and conversely.
Q,0Q4 = A1, As005 = Ay , AgOUg = Ay Implies Ay, As, Ag are their own inverse. Multiplication of any two elements of Aut(H) is
again an element of Aut(H).
Therefore, Aut(H) is closed under multiplication (composition)
Set of these permutations form a non-abelian group under composition called automorphism group of H denoted by Aut(H).

Aut(H) = {ay = e(identity), ay, az, a,, as ag} and |Aut(H)| = 6

such that a,a; = e, as? = a4* = az? = e is group of order 6 isomorphic to S..
orbitayemy (W) = {u, v, w},

orbitaemy(v) = {w,v,w},

orbityery(wW) = {w,v,w},

orbit ey (x) = {x}

|orbitAut(H) Ww|=3, |orbitAut(H)(v)| =3, |orbitAut(H)(w)| =3, |orbitAut(H) =1
Orbits of graph H are {x}, {u,v,w}.

Stab gy (1) = {aq, az,a3, a4, as , g}

Stab ey (W) = {ay, ay }

Stab e (V) = {1, a5},

32


https://portal.issn.org/resource/ISSN/3065-7857
https://ibrj.us/

InSight Bulletin: A Multidisciplinary Interlink International Research Journal (IBMIIRJ)
ISSN: 3065-7857 / Website: https://ibrj.us / Volume-3, Issue-5 / May — 2026

Stabyey (W) = {ay, ag,}

|StabAut(H) (u)| =2, |5tabAut(H)(V)| =2, |StabAut(H) (W)l =2, |StabAut(H) (x)| =6
By the orbit-stabilizer Theorem

|[Aut(H)| = |orbitAut(H) (x)| . |stabAut(H)(x)| = 1x6=6

|[Aut(H)| = |orbitAut(H) W) . |stabAut(H)(u)| =3x2=6

|[Aut(H)| = |orbitAut(H) w)]. |stabAut(H)(w)| =3x2=6

[Aut(H)| = |orbitAut(H) ). |stabAut(H)(v)| =3x2=6

4. Diamond graph [2,37]: Z
Consider the diamond graph F as follows:
Consider Automorphisms f;: V(F)— V(F), 1< i < 4 by
B1(v) = v,V vertices v of F, B, (v) = {x lf v i Y ,
yifv=x
X Y
yifv=x
_(wifv=z _Jxifv=y
ﬁ3(v)_{zifv=w’ v) = wifv=z" W
zifv=w

Bi=identity= e, B, = (x,y) , B3 = (z,w) ,By = (x,¥)(z,w), where every automorphism of a graph is a permutation on V(G),
automorphism can be expressed more simply, in terms of permutations cycles. The group table for Aut(F)

° | Bi | B2 | B3 | Ba
Br | B | B | Bs | Bs
Bz | B2 | B | Bs | Bs
Bs | Bs | Bs | Bi | B
Bs | B | B3 | B2 | B

Table2: Automorphisms of Diamond graph
From Table2, B10B1 = B1, 102 = B2, B10B3 = B3, 104 = Ba, B10Bs = Bs, B10Bs = Pe

implies B;is identity element of Aut(F).

2082 = b1, P30f3 = 1, B40f4 = P1 i.e B2, B3, P4 are their own inverse. Multiplication of any two elements of Aut(F) is again a
element of Aut(F). Therefore Aut(F) is closed under multiplication (composition)

Set of these permutations form a group under composition called automorphism group of F denoted by Aut(F).
Aut(F) = {B; = e(identity), B,, B3, B4} such that B> = B3* = B,* = e is abelian group of order 4 isomorphic to Klein 4-
group V..

orbitayer)(x) = {x,¥},

orbitye ) (¥) = {x, ¥},

orbityery (W) = {z,w}

orbitsy i (2) = {z,w}

|orbitAut(p) (x)| =2, |orbitAut(F)(y)| =2, |orbitAut(F)(w)| =2, |orbitAut(F) (z)| =2

Orbits of graph F are {x,y},{z,w}.

Stabayery(X) = {B1, B3} » Stabayery (V) = {B1, B3}, Stabayery(W) = {B1, B2},

Stabay(ry(2) = {B1, B2}

|StabAut(F) ™| =2, StabAut(F)(y)l =2, |StabAut(F)(W)| =2, |StabAut(F) (@) =2

[Aut(F)| = 4

By the orbit-stabilizer Theorem

|Aut (F)| = |orbitayecry(xX)| . |stabyece ()]

|Aut (F)| = |orbitayeey )| - |stabayecry@)|

|Aut(F)| = |0TbifAut(F) w)|. |StabAut(F)(W)|

|Aut(F)| = |07’bitAut(F) (2)]. |5tabAut(F)(Z)|

Conclusion:

Automorphism group for K; s and Diamond graph is the symmetric group S3 and Klein’s 4-group V. respectively. A
group is associated with each graph, knowns as the Automorphism group of a graph. Different groups can be associated with
automorphisms of a graph and vice-versa. The orbit-stabilizer theorem can be verified for the given graphs. So, the results of these
group structure apply to study the more complex graphs and their properties to develop interdisciplinary approach between

groups and graphs.
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